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One common way of estimating the failure probability p of a system is to
simulate the system until a fixed number, say r, failures are observed and then
set p = r/N, where N is the number of trials required. In this paper this technique
is analyzed, and, in particular, the relationship between r and the reliability of

the estimator p is studied.

I. Introduction

It is often necessary to analyze the behavior of a com-
plex system by simulation rather than by direct analysis.
That is, we make a probabilistic model for the system
inputs and drive the system with pseudo-random inputs
generated according to the model. We then estimate
various performance parameters from the result of the
simulation,

Now suppose the results of the system’s behavior on a
particular set of inputs can be classified as either “suc-
cess” or “failure.” Success could be, for example, “program
execution time is less than one second,” “antenna con-
verged to target in 10 seconds,” or “decoder correctly rec-
ognized command,” etc. In such a case we might use
binomial sampling, i.e., perform a fixed number n simu-
lations of the system, and estimate the probability p of
failure by p = k/n, where k is the number of observed
tailures in n trials. But without some a priori knowledge
of p, the number of trials n required to obtain good esti-
mate of p will not be known. Thus a better way is to
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perform trials until a desired number of failures, say r,
have been observed, and then set p = /N, where N is
the number of trials required. It is this technique for esti-
mating p that we shall analyze in this paper.

The sequence of successes and failures may be thought
of as Bernoulli sequence in which a ‘0’ represents a
success and a ‘1" represents a failure. The number of
successes, say X, before the r failures occur is a random
variable distributed according to the negative binomial,
ie,

fx—1
== (" - x-012
(1)
A number of methods is provided for constructing
1 — y interval estimates for p. A two-sided 1 — y confi-

dence interval with limits p and p for p is defined as an
interval (p,p) such that

Pp<p<p)=1l-—y (2)
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The length of the interval is L=p —p. f p =0, p is
called the upper 1 —y confidence limit. The interval
(p,p) is said to be the shortest (1 — ) interval if its length
L. is minimum among all the intervals satisfying Eq. (2).
Finally a two-sided 1 —+y confidence interval (p,p) is
called symmetric if

P(p <p) =P(p>p) =v/2

If the number of successes before the r failures is X = n
and Z is the total number of trials required to obtain the
r failures, then our first method gives as 1 — y confidence
limits p and p defined by

L{rm +1)=+v/2

and (8)
Iirn) =1—vy/2

where I,(A,B) is the Incomplete Beta Function with
parameters A and B; 0 <x <1. Our computationally
easier second method gives

P=35z 4)

where

x3- being a chi-square variate with 2r degrees of free-
dom. Limits in Eq. (4) are good for all p small enough
that —In(1 — p) = p. In Section III we show that the
shortest 1 — y interval is Ly, = (b — a)/2Z where a,b are
such that h,.(a) = h,,(b), a=£b, h,,(t) is the x},-density
function. A table of a and b is provided for r =12, -,
120 and y = 0.01(0.01)0.05. This table is believed to be
new.

It is important to know how good p is as an estimate of
p. Suppose it is desired that p = r/Z not be more than
10% greater than p, i.e., p < 1.1xp, where Z as in Eq. (4)
is the number of trials required to obtain r failures. In
Section IV it is shown in general that if p/p < a,a > 1 is
desired such that P(p < p) =1 — v, then the number of
failures required is bounded by

»  q=1l-p (5a)

where ¢,_y is the lower 1 — y point of the unit normal
distribution. The minimum value of r that is good for all
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p is thus

CY2

[CE Ve

r =

The exact values of r for given «,p and y is

L%EJ <f:11> pTqrT =y (6)

r

but it is not of much use because p is unknown, hence the
importance of the estimate in Eq. (5b).

We shall illustrate many of our techniques with the
example p = 0.005. This value of p is the classical maxi-
mum acceptable for the bit error probability in a deep-
space television picture. For example to achieve a p which
is only 10% greater than p and such that P(p <p) =1 —,
y = 5%, by Eq. (5b) we need r > 327 whereas by Eq. (6)
r > 313 would do. This shows that r estimates in Eq. (5b)
are very good. For comparison a graph of r values given
by Eq. (6) for y =01, « =11 (i.e, 10% error) and
0.001 < p < 0.05 is plotted.

Il. Methods of Construction of
Confidence Limits

Method A

A usual method for constructing confidence intervals
based on Eq. (1) directly is to use the maximum likeli-
hood estimate of p, p =r/r + x (Refs. 1 and 2). If the
experiment results in X = n successes before r failures are
obtained, then the 1 — y symmetric confidence limits p
and p for p are, respectively, the solutions to the equations

=0 x

nofr+x—1
Funrp) =3 ( )Ml S

and

@ fr+x—1
Z(—) p(L—p) =1 — Fun— Lrp) = /2

L=n x

(7)

It is known (see Ref. 3 for example) that the negative
binomial distribution is related to the Incomplete Beta
Function by
I(rn + 1),

F.nrp) = 0<r<w
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where

L(my) = B(rln 9 /p w1 (1 —u)’"tdu
B(my) = /1 w1 (1 —u)"~'du (8)

Thus p and p are such that
I(rm + 1) =y/2
and
I(rn) =1~ +v/2 9)
We can read off the values p and p from the table of
Incomplete Beta Functions in (Ref. 4) if 7 and n are fairly

small, say. For larger values of r and n it is convenient to
use the tables of the F-distribution and the relation

. v, U,
P(F} >F,) = 1,,(5, 5) (10)
where
—_ vZ‘
P =%, + u.F,

and F! is an F-variate with v,,v, degrees of freedom.
Applying Eq. (10) to Eq. (9) we see that

,
PR DErT G/

and

__Fu(/2)
P n+rFi (/2

where

P(FL > F2 (/2)) = v/2)

For example, for p = 0.005, r = 10, the expected value
of n is 1990. Fz(»+» (0.025) = 2.09, F2r (0.025) = 1.71 and

r
2n

‘the expected 95% symmetric confidence limits for p are
p = 0.0024

p = 0.0085.
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Method B

Apart from its computational simplicity, the following
construction is better suited for the range of p of interest
here.

Let X;, =1, ---, r be the number of trials after the
(j — 1)** failure to the occurrence of the j'* failure. Then
X, has the geometric distributions with parameter p, i.e.,

PX;<n)=1—QQ—-pm; n;=12-

The geometric distribution may be approximated by
exponential distribution

PX;<x)=1—e*
such that A = in (1 — p). With this approximation, the
sequence X;,X», -+, X}, -+, X, becomes a sequence of ex-

ponentially distributed random variables with a common
parameter A. It is known that

Z:iX,

is then distributed according to the Gamma distribution
such that

W = 2\Z

has the x3, distribution with 2r degrees of freedom with
density function given by

X1 e—z/Z;

T x> 0. (11)

Thus a 1 — y confidence interval for A is given by
x=a/2Z, A=Db/2Z
such that

Pla<2Z<b)=1—y. (12)

a and b may be obtained from the i, table in Ref. 4. For
small p we may take p = » = —In(1 -~ p). The effect of
this approximation on the confidence intervals for p is
very negligible indeed.

Suppose we sample till r =10 failures occur and
Z = 2000, then we may conclude that with probability
0.95

p < 0.00785
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or that with probability 0.99
p < 0.00939

Because tables of x*-distribution exist for high degrees
of freedom this method is useful when p is small so that r
is large.

By Eq. (12) it is clear that if, corresponding to a given
r, it is required to have Z, = X + r trials to achieve level
1 — vy, we may stop sampling before the r failures are
observed and conclude that Eq. (12) holds if the number
of trials Z is already greater than Z,.

HHl. Shortest Confidence Intervals

If for a fixed y, confidence intervals of lengths L, and
L, are constructed for p such that L, < L, we would
normally prefer L, to L,. In this section a method of con-
structing shortest confidence intervals will be given (see

Ref. 5).

From Eq. (12), the length of the interval for A is

1

b—a). (18)

We want to minimize L subject to
b
/ holt)dt =1 — 4 (14)

where h.,(t) is given by Eq. (11). Partially differentiating
Egs. (13) and (14) we have

L 1 (db
2a  2Z\da

and

db

h.(b) 7o

which gives
Lo L (e )
%a  2Z \ ho,(D)
oL/%a is minimum when
ha(a) = ha(b) (15)

158

That is, the a and b which gives minimum confidence
length L, are the pair satisfying Eq. (15) for a #b.

Table 1 gives the values of a and b satisfying Eq. (15)
for y =10.01(.01).05 and r=1,---,120. We think this
table is new.,

Let us find the expected length of the interval in the
case r = 10, p = 0.005. In this case expected Z = 2000
and a,b, from the table, giving 95% confidence on p, are

a = 8.5841, b = 32.607393
Thus
p = a/2Z = 0.002146, p = b/27 = 0.0081518

and the length L, = 0.0060058.

The symmetric case given by Eq. (12) makes

a = 9.59083, b = 34.1696
from x3, table. Thus
p = 0.0023977, p = 0.0085424

and the length L = 0.0061447. In this case the shortest
interval results in a modest 2% gain over the symmetric
95% confidence interval.

The table we have constructed is useful not only in the
case of Bernoulli parameter p but generally in construct-
ing shortest confidence intervals for A whenever the
statistic to be employed has the y2-distribution. In all
these cases the @ and b giving the minimum interval and
satisfying Eq. (12) can be read off from the table.
When, however, the Bernoulli p is so large that p =~ x» =
—In (1 — p) we need to be able to get the shortest inter-
vals directly for p. In such a case we may use the fact
that by Eq. (12):

Pl—et<p<l—eW?)=1—y  (I6)

The length of the confidence interval L = /22 — g-b/22
and just as in the case for A, we want to minimize L
subject to Eq. (14). It turns out that L is minimized if

e—b/zZ e~a/2Z

= (17)
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If the number of trials to give r failures, Z, is large
enough, which is the case either when r is larger or p is
small, then Eq. (17) reduces to Eq. (15) for a.

IV. Minimum r Required for Prescribed
Estimate Accuracy

In a number of applications it is enough to show that
the true value of p is almost surely less than the critical
value for the system (i.e., with probability 1 — y). Since
our cstimate of p is based only on the value of r, the
number of system failures observed and Z the number of
system operations required to observe r, then it becomes
important to be able to estimate the minimum number of
failures that would give an estimate p = r/z which is only
slightly greater (5%, say) than p with very high proba-
bility. Put equivalently, the problem is to find the mini-
mum value of r that would give an estimate p within
1008% of p with probability 1 —+, 8 >0, and small.
In our terminology, this reduces to finding the least r
such that

P<pa>;>:l*y, a=1+8 (18)

In other words we want the probability that the true
value of the parameter be less than pa~? to be small (= y).

Since Eq. (18) can be written as

r
P<Z>E)—l—y

then, we can use the distribution of Z in Eq. (1) to calcu-
late r for a given 8 and y and each 0 < p < 1. Thus
Eq. (18) becomes

L%(% ~ 11> PqrT =y (19)

r

where [r/pa] is the largest integer smaller than r/pe.
We iterate the left-hand side of Eq. (19) until a value
of r satisfying the equation is obtained. We note that any
larger value of r would give a sum less than .

This method is not convenient, however. Even if the
computation of r in Eq. (19) were easy, the volume of
table of r values to be required to cover all p such that
0<p<1, B and y of interest, would be so large as to
discourage such effort. Moreover, the value of p to use is
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not known beforehand. Hence we need to have a method
of evaluating r that is independent of the particular value
of p. It turns out that a good bound on the minimum
value of r can be obtained by considering the comple-
mentary requirement to Eq. (18) that

P<p<%a>:1—y, a=1+8 (20)

That is to say that the probability that the true value of
the parameter is ever greater than pa be very small (= v).

We may now use the fact that the maximum likelihood
estimate of p, p = r/Z is, for large r, approximately nor-
mally distributed with mean p and variance

1
o= (21)
rE <8p2 In f(x,p)>
where
f(x,p) = P(X; = x)
=p(l — p) x=123, -

X;, j=12,---, r being the number of trials after the
(f — 1)*t failure to the occurrence of the jt* failure. Writ-
ing L = Inf(x,p) we have

o2, 1
E = —— 29
(apg) = (22)

and

p*q
T

2
Op

Thus (r/Z)a is, for large r, approximately normally dis-
tributed with mean ap and variance «?p®q/r and hence

r T
77PN
has the unit normal distribution.
Now Eq. (20) is equivalent to
Plp 4 L ap | —— | =1~
p( 0‘) a*p3q <|ea 7 ap a*piq - Y
(23)
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Hence

p(l — a) \/ ;%5 = —di-a (24)

where ¢..q is the lower (1 — «) percentile of the unit
normal distribution. From Eq. (24) we see that

2

«
r'zq@_—l)—Z-@w, 04*1‘1",8 (25)

That is the value of r good for all p is

a2

PR

r=

(26)

If we denote by r), the r obtained by the direct method
in Eq. (19) and by r... (estimate) and 7,5m, (asymptotic),
respectively, those of Eqs. (25) and (26), to achieve an
estimate error of less than 10% (8 = 0.1) with 90%
confidence (y = 0.1) on p = 0.005 we need to wait for at
least r, = 190 successes. The corresponding r., = 199,
Pasymp == 200, Values of r for p = 0.005 and some values
of g and vy are:

rD rest Tasymp

_op B01 190 199 200
TN p=105 710 724 798
y=0058=01 313 326 827

A graph of r, for y =01, g =0.1 and 0001 <p <
0.05 is plotted below.

V. Conclusion

A sequential sampling technique has been applied to
the problem of estimating the failure probability of those
systems whose operation history can be modeled by the
Bernoulli sequence with small failure probability p.
Methods of obtaining 1 — y confidence bounds on p are
presented, and several tables for constructing the limits
of these bounds are indicated. The desirability of obtain-
ing short 1 — y confidence intervals prompts us to investi-
gate the conditions for the shortest such intervals in this
case. A new table for use in constructing these intervals
for usual values of y and a wide range of r is provided.
The question of the minimum number of system failures
required to achieve a prescribed accuracy of the p esti-
mate is answered.
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Table 1. Values of a and b for the shortest confidence intervals

Table of @ and b such that h,,(a) = h,,(b) where

xr-1

27T (1)

b
/ h,, (t)dt = 1-v.

a is the first entry and b is the second for each ¥ and n = 2r. For example, if v = 0.05 and n = 2r = 20, then

hy,(x) = ea/2,x > 0

and

a = 8.5841, b = 32.607393

When r = 1, h,(x) reduces to the exponential distribution with parameter x = ¥4.

Y
n = 2r 0.05 0.04 0.03 0.02 0.01
4 0.0848 0.068 0.0514 0.0345 0.0175
9.5282394 10.062034 10.734574 11.684643 13.281327
6 0.607 0.539 0.464 0.376 0.264
12.802453 13.388847 14.128164 15.164491 16.900628
8 1.425 1.3083 1.1738 1.01 0.7856
15.896601 16.525274 17.325344 18.436192 20.295983
10 2.4139 2.2528 2.0643 1.8296 1.4978
18.860515 19.531733 20.383955 21.565627 23.533077
12 3.5161 3.3147 3.0767 2.7771 2.3444
21.729099 22.439061 23.339668 24.583977 26.653195
14 4.7004 4.462 4.178 3.818 3.201
24.524892 25.270476 26.216824 27.520418 29.684001
16 5.9477 56743 5.348 4.9315 4.316
27.263128 29.04377 29.030965 30.390159 32.641633
18 7.2452 6.9395 6.573 6.103 5.4041
29.954814 30.766807 31.793831 33.20639 35.540208
20 8.5841 8.2477 7.8434 7.323 6.5444
32.607393 33.449596 34.513723 35.975951 38.389569
22 9.9575 9.592 9.1515 8.5834 7.7289
35.227546 36.098361 37.198528 38.707429 41.196762
24 11.3613 10.9675 10.493 9.8786 8.9515
37.81774 38.717077 39.850243 41.405594 43.967203
26 12,7908 12.3704 11.8627 11.204 10.2073
40.383458 41.308935 42.475229 44.074835 46.705532
28 14.243 13.797 13.2574 12.5564 11.492
42.927308 43.878022 45.076108 46.717492 49.416424
30 : 15.7155 15.2446 14.6744 13.9324 12.8033
45.451379 46.426908 47.655306 49.337469 52.10051
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Table 1 (contd)

v
n=2r 0.05 0.04 0.03 0.02 0.01
32 17.2061 16.7113 16.1115 15.3298 14.1379
47.957866 48.957043 50.214788 51.936489 54.762048
34 18,7132 18.1951 17.5665 16.7464 15.4935
50.448126 51.470521 52.756972 54.516847 57.403297
36 20.2352 19.6945 19.0381 18.1806 16.8685
52.923807 53.968712 55.282712 57.079891 60.02534
38 21.7708 21.2082 20.5246 19.6308 18.261
55.386172 56.452832 57.79397 59.627288 62.630384
40 23.3189 22.735 22.025 21.0959 19.6696
57.836276 58.924084 60.29148 62.159881 65.219739
42 24.8786 24.2739 23.538 22.5745 21.0934
60.274932 61.383428 62.776738 64.679327 67.793854
44 26.449 25.824 25.063 24.0657 22.5314
62.703059 63.831749 65.250007 67.186391 70.353626
46 28.029 27.384 26.599 25.568 23.981
65.122002 66.270743 67.712431 69.683141 72.903478
48 29.619 28.955 28.145 27.082 25.447
67.530537 68.69785 70.165218 72.167619 75.432389
50 31.217 30.535 29.701 28.606 26.917
69.731697 71.116189 72.607796 74.642475 77.965244
52 32.824 32.122 31.265 30.14 28.405
72.323363 73.528802 75.043303 77.107124 80.472543
54 34.438 33.718 32.839 31.683 29.9
74.708599 75.931784 77.467702 79.562951 82.976087
56 36.06 35.322 34.42 33.235 31.401
77.085409 78.326562 79.885977 82.009512 85.477027
58 37.688 36.932 36.01 34.795 32.9014
79.456858 80.716237 82.294267 84.448257 87.963049
60 39.323 38.55 37.605 36.362 34.435
81.821041 83.097149 84.699231 86.880625 90.44157
62 40.964 40.174 39.208 37.936 35.965
84.179387 85.472433 87.095386 89.30627 92.910289
64 42.611 41.804 40.818 39.518 37.505
86.5317 87.841859 89.484241 91.723148 95.36705
66 44.264 43.44 42.433 41.108 39.047
88.877814 90.205233 91.868955 94.131061 97.826457
68 45.922 45.082 44.055 42.701 40.598
91.219172 92.56239 94.245964 96.53847 100.27512
70 47.585 46.729 45.682 44.301 42.158
93.555623 94.914796 96.618434 98.938184 102.7129
72 49.253 48.381 47.314 45.907 43.721
95.887035 97.262298 98.986182 101.33176 105.15047
74 50.925 50.038 48.954 47.519 45.291
98.214848 99.604764 101.34417 103.71903 107.58031
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Table 1 (contd)

n=2r 0.05 0.04 0.03 0.02 0.01
76 52.602 51.7 50.595 49.139 46.871
100.53739 101.94208 103.70367 106.09652 109.99698
78 54.284 53.366 52.242 50.759 48.451
102.85459 104.27571 106.05641 108.47747 112.41801
80 55.969 55.036 53.894 52.386 50.041
105.16942 106.60554 108.40391 111.85002 114.8256
82 57.659 56.711 55.55 54.017 51.631
107.47873 108.92993 110.74766 113.21905 117.23707
84 59.352 58.391 57.211 55.564 53.231
109.78549 111.24882 113.08599 115.58116 119.6349
86 61.049 60.072 58.876 57.294 54.831
112.08811 113.56826 115.42039 117.94115 122.03622
88 62.749 61.758 60.546 58.939 56.441
114.38802 115.88202 117.74921 120.29566 124.42379
90 64.453 53.448 62.217 60.589 58.051
116.68366 118.1916 120.07862 122.64463 126.81451
92 66.161 65.142 63.893 62.241 59.671
118.975 120.49693 122.40231 124.99279 129.1914
94 67.871 66.939 65.573 63.901 61.291
121.26493 122.80096 12472176 127.33049 131.57118
96 69.585 68.538 67.255 65.561 62.911
123.55046 125.10063 127.04 129.67038 133.95363
98 71.301 70.241 68.942 67.222 64.541
125.83446 127.39739 129.35236 132.01074 136.3221
100 73.021 71.948 70.632 68.892 66.171
128.11398 129.68971 131.66186 134.33895 138.69305
102 74.743 73.658 72.326 70.562 67.811
130.39189 131.97902 133.96693 136.66907 141.05
104 76.468 75.369 74.022 72.237 69.451
132.66669 134.26824 136.27055 138.99323 143.40928
106 78.196 77.084 75.721 73.915 71.091
134.93835 136.5529 138.57116 141.3145 145.77072
108 79.926 78.801 77.421 75.595 - 7274
137.20827 138.8359 140.87169 143.63436 148.11972
110 81.659 80.521 79.125 77.275 74.389
139.475 141.11573 143.16762 145.95581 150.47074
112 83.395 82.244 80.832 78.964 76.039
141.7385 143.39237 145.46042 148.26503 152.82208
114 85.132 83.969 82.542 80.653 77.698
144.00159 145.66725 147.75005 150.57575 155.16094
116 86.872 85.697 84.254 82.343 79.357
146.26141 147.93888 150.03796 152.88638 157.5106
118 88.615 87.427 85.968 84.039 81.017
148.51792 150.20867 152.3241 155.18931 159.8424
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Table 1 (contd)

b4
n=2r 0.05 0.04 0.03 0.02 0.01
120 90.359 89.159 87.688 85.736 82.677
150.77393 152.47661 154.60261 157.49208 162.18483
122 92.107 90.895 89.408 87.436 84.347
153.0252 154.7398 156.88222 159.79162 164.51316
124 93.856 92.632 91.128 89.136 86.017
155.2759 157.00251 159.16289 162.09239 166.84305
126 95.606 94.371 92.854 90.842 87.687
157.52606 159.26329 161.43588 164.3854 169.17441
128 97.359 96.111 94.58 92.549 89.367
159.77281 161.52353 163.70986 166.67809 171.49172
130 99.114 97.855 96.308 94.258 91.047
162.01754 163.77895 165.98191 168.96893 173.81046
132 100.87 99.6 98.038 95.968 92.727
164.26162 166.03379 168.252 171.25937 176.13056
134 102.629 101.347 99.772 97.683 94.407
166.50226 168.28661 170.51726 173.54349 178.45194
136 104.398 103.096 101.506 99.399 96.096
168.74223 170.5374 172.78339 175.82717 180.76083
138 108.151 104.846 103.243 101.116 97.776
170.98011 172.78754 175.04608 178.11035 183.08464
140 107.915 106.599 104.982 102.836 09.466
173.21589 175.0342 177.30674 180.39011 185.3944
142 109.681 108.353 106.722 104.556 101.166
175.44957 177.28018 179.56678 182.67077 187.6902
144 111.448 110.109 108.462 106.282 102.856
177.6825 179.52406 181.82757 184.94363 190.00224
146 113.216 111.867 110.208 108.008 104.556
179.91465 181.76583 184.08063 187.21736 192.30029
148 114.986 113.626 111.954 109.735 106.256
182.14466 184.00686 186.33443 189.49048 194.59942
150 116.759 115.386 113.702 111.465 107.956
184.37116 186.24713 188.58612 191.76011 196.89957
152 118.532 117.15 115.451 113.195 109.656
186.59821 188.4825 190.83709 194.03052 199.2007
154 - 120.307 118.914 117.201 114.925 111.356
188.82308 190.71846 193.08733 196.3017 201.50277
156 122.082 120.679 118.952 116.66 113.066
191.04847 192.95363 195.3368 198.56646 203.79091
158 123.861 122.447 120.707 118.4 114.776
193.26896 195.18524 197.58134 200.82484 206.07999
160 125.641 124.216 122.462 120.135 116.486
195.48861 197.41604 199.82648 203.09105 208.36997
162 127.421 125.986 124.222 121.875 118.201
197.70874 199.64601 202.0653 205.3584 210.65344
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Table 1 (contd)

n = 2r 0.05 0.04 0.03 0.02 0.01
164 129.203 127.756 125.977 123.615 119.911
199.92665 201.87648 204.31161 207.6113 212.94511
166 130.987 129.531 127.738 125.36 121.626
202.14234 204.10068 206.5502 209.86536 215.23025
168 132.771 131.305 129.499 127.105 123.346
204.35847 206.32672 208.78933 212.12006 217.50888
170 134.556 133.08 133.264 128.85 125.066
206.5737 208.55188 211.02351 214.37539 219.7883
172 136.345 134.858 133.029 130.6 126.786
208.78402 210.77346 213.25822 216.6243 222.06848
174 138.133 136.637 134.794 132.35 128.506
210.99609 212.99416 215.49343 218.87382 224.34939
176 139.923 138.416 136.56 134.1 130.231
213.2059 215.21529 217.72777 221.12393 226.62378
178 141.713 140.196 138.33 135.85 131.956
215.41611 217.43551 219.95715 223.37459 228.89887
180 143.506 141.979 140.1 137.605 133.681
217.62273 219.65214 222,187 225.61883 231.17464
182 145.299 143.762 141.87 139.358 135.411
219.82972 221.86918 224.41731 227.8664 233.44388
184 147.092 145.545 143.643 141.114 137.141
222.03708 224.08661 226.644 230.11032 235.71378
186 148.888 147.331 145.416 142.874 138.871
224.24084 226.30044 228.87113 232.34923 237.98432
188 150.684 149.12 147.192 144.63 140.601
226.44495 228.51067 231.09464 234.59417 240.25547
190 152.483 150.906 148.968 146.39 142.341
228.64547 230.72525 233.31858 236.83407 242.51295
192 154.282 152.695 150.744 148.15 144.071
230.84633 232.93622 235.54293 239.07445 244.7853
194 156.081 154.487 152.524 149.913 145.811
233.04751 235.14358 237.7623 241.7623 247.04399
196 157.883 156.276 154.304 151.676 147.551
235.24508 237.35526 239.98206 243.54935 249.30326
198 159.685 158.069 156.084 153.442 149.291
237.44298 239.562 24220222 245.78187 251.5631
200 161.487 159.862 157.864 155.208 151.031
239.64118 241.76907 244.42275 248.01584 253.82349
202 163.29 161.659 159.648 156.978 152.771
241.83837 243.97121 246.6383 250.24477 256.08441
204 165.094 163.452 161.432 158.744 154.511
244.03455 246.17893 248.85421 252.47959 258.34584
206 166.901 165.249 163.219 160.514 156.261
246.22713 248.38172 251.06649 254.70936 260.5937
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Table 1 (contd)

Y
n = 2r 0.05 0.04 0.03 0.02 0.01

208 168.708 167.049 165.003 162.284 158.011
248.42 250.58088 253.28311 256.93955 262.84209

210 170.515 168.846 166.79 164.054 159.751
250.61313 252.78428 255.49607 259.17012 265.10501

212 172.325 170.646 168.58 165.831 161.501
252.80266 254.98405 257.70539 261.39159 267.35438

214 174.132 172.446 170.367 167.601 163.251
254.99633 257.18411 259.91902 263.62293 269.60423

216 175.945 174.246 172.157 169.381 165.001
257.18252 25Y.38446 262.12899 265.84112 271.85454

218 177.755 176.049 173.947 171.155 166.751
259.37283 261.58117 264.33928 268.06778 274.10531

220 179.568 177.852 175.741 172.932 168.511
261.55053 263.77817 266.54459 270.29076 276.3426

222 181.381 179.655 177.535 174.712 170.261
263.74648 265.97543 268.75021 272.51005 278.59426

224 183.194 181.462 179.329 176.492 172.021
265.93367 268.16776 270.95613 274.72969 280.83245

226 185.008 183.269 181.123 178.272 173.771
268.11981 270.36036 273.16234 276.94968 283.08493

228 186.825 185.073 182.92 180.052 175.531
270.30234 272.55711 275.3649 279.17000 285.32397

230 188.642 186.883 184.717 181.832 177.291
272.4851 274.74633 277.56774 281.39064 287.56343

232 190.459 188.69 186.514 183.612 179.051
274.66809 276.93968 279.77086 283.61159 289.8033

234 192.276 190.5 888.311 185.402 180.811
276.85129 279.1294 281.97425 285.8195 292.04355

236 194.093 192.31 190.111 187.182 182.571
279.0347 281.31936 284.17398 288.04107 294.28419

238 195.912 194.12 191.911 188.972 184.341
281.21451 283.50956 286.37397 290.24962 296.51147

240 197.733 195.933 193.711 190.759 186.101
283.39452 285.69612 288.57422 292.46246 298.75286

We are grateful to I. Eisenberger for assistance in computing this table.
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Fig. 1. Minimum number of system failures r giving 909, (i.e.,
v = 0.1) confidence that estimate error is within 109, (3 = 0.1),
r = 200

asymp
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